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DIAMETER AND LAPLACE EIGENVALUE ESTIMATES FOR COMPACT
HOMOGENEOUS RIEMANNIAN MANIFOLDS
EMILIO A. LAURET
Abstract. Let G be a compact connected Lie group and let K be a closed subgroup of G. In
this paper we study whether the functional g 7→ λ1(G/K, g) diam(G/K, g)2 is bounded by above
among G-invariant metrics g on G/K. Eldredge, Gordina, and Saloff-Coste conjectured in 2018
that this assertion holds when K is trivial; the only particular cases known so far are when G is
abelian, SU(2), and SO(3). In this article we prove the existence of the mentioned upper bound
for every compact homogeneous space G/K having multiplicity-free isotropy representation.
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1. Introduction
A Riemannian manifold is called homogeneous if the action of its isometry group on it is
transitive. In [Li80], Peter Li proved for every compact connected homogeneous Riemannian
manifold (M, g) that
(1.1) λ1(M, g) ≥ pi
2/4
diam(M, g)2
.
Here, diam(M, g) stands for the diameter of (M, g) and λ1(M, g) denotes the smallest positive
eigenvalue of the Laplace–Beltrami operator associated to (M, g). (See [JL19] for an improve-
ment of (1.1).)
The analogous upper bound to (1.1) does not exist since
(1.2) λ1(S
d, ground) diam(S
d, ground)
2 = dpi2 −→∞ when d→∞,
where ground denotes any round metric on the d-sphere S
d. It is currently not know whether
there exists an upper bound analogous to (1.1) when the dimension is fixed. Eldredge, Gordina
and Saloff-Coste conjectured in [EGS18] the following.
Conjecture 1.1. For any compact connected Lie group G, there is a real number C depending
only on G such that λ1(G, g) diam(G, g)
2 ≤ C for every left-invariant metric g on G.
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Lie groups endowed with left-invariant metrics form a subclass of homogeneous Riemannian
manifolds. The aim of this paper is to study the extension of this conjecture to homogeneous
Riemannian manifolds. It is well known that for every homogeneous Riemannian manifold
(M, g) there are Lie groups K ⊂ G such that (M, g) is isometric to G/K endowed with some
G-invariant metric.
Question 1.2. Given G a compact connected Lie group and K a closed subgroup of G such
that the quotient G/K is connected, is there C > 0 depending only on (G,K) such that
λ1(G/K, g) diam(G/K, g)
2 ≤ C for every G-invariant metric g on G/K?
The natural extension of Conjecture 1.1 to the homogeneous setting is the following:
Given G any compact connected Lie group and K any closed subgroup of G such
that G/K is connected, there is C = C(G,K) > 0 such that
(1.3) λ1(G/K, g) ≤ C
diam(G/K, g)2
for every G-invariant metric g on G/K.
The next result tells us that it is sufficient to answer affirmatively Question 1.2 for (G, {e})
(i.e. when K is trivial) under some mild assumptions. However, its usefulness is very limited
at the moment since Question 1.2 for (G, {e}) is known only for a few cases (described below).
Theorem 1.3. Let G be any compact connected Lie group. Assume that λ1(G, g) diam(G, g)
2 ≤
C for all left-invariant metric g on G, for some C > 0 depending only on G. Then, for any
closed connected subgroup K of G with G/K connected, λ1(G/K, h) diam(G/K, h)
2 ≤ C for
every G-invariant metric h on G/K.
Our approach will be to extend from the Lie group case to the homogeneous setting the tools
developed in [La20b] to attack Conjecture 1.1. The main difference can be observed in the
number of cases where Question 1.2 is fully responded (always affirmatively so far).
On the one hand, Question 1.2 for (G, {e}) has been answered only for G abelian, G = SU(2),
and G = SO(3) in [EGS18] after elaborated proofs (see [La20b, (1.8)] and [La19, Thm. 1.4]
for alternative proofs with explicit constants). On the other hand, for instance, Question 1.2
is trivially affirmative for every isotropy irreducible pair (G,K) since there is a unique G-
invariant metric on G/K up to scaling and the term λ1(G/K, g) diam(G/K, g)
2 is invariant by
homotheties. Moreover, we are able to answer Question 1.2 for a large subclass of homogeneous
spaces G/K.
Theorem 1.4. Let G be a compact connected semisimple Lie group and let K be a closed
subgroup of G such that G/K is connected. Assume that the isotropy representation of G/K
is multiplicity free, that is, it decomposes as a direct sum of pairwise non-equivalent irreducible
representations. Then, there is C = C(G,K) > 0 such that
λ1(G/K, g) ≤ C
diam(G/K, g)2
for every G-invariant metric g on G/K.
The class of compact connected homogeneous spaces G/K with multiplicity-free isotropy
representation is quite large. It contains for instance generalized flag manifolds (see e.g. [Ar06])
and many real flag manifolds. There are classifications and lists for low values of the number
of different irreducible components. See [WZ91], [DK08], and [Ni16] for the one, two, and
three-components cases respectively.
Theorem 1.4 follows immediately from Theorem 6.2. This more general result gives a partial
(affirmative) answer to Question 1.2 in the sense that it ensures the existence of C > 0 such
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that λ1(G/K, g) diam(G/K, g)
2 ≤ C for every g in certain subsets of G-invariant metrics on
G/K. More precisely, given a decomposition in Ad(K)-invariant subspaces p = p1 ⊕ · · · ⊕ pq
of the orthogonal complement p of k in g with respect to a bi-invariant inner product 〈·, ·〉0 on
g, the subset is given by G-invariant metrics associated to the Ad(K)-invariant inner products
on p given by
(1.4) x1〈·, ·〉0|p1×p1 + · · ·+ xq〈·, ·〉0|pq×pq ,
for x1, . . . , xq > 0. (See Subsection 2.1 for a detailed description of the correspondence be-
tween G-invariant metrics on G/K and Ad(K)-invariant inner products on p.) In particular,
Theorem 6.2 restricted to the case when K is trivial coincides with [La20b, Cor. 1.5].
Remark 1.5. The main result in [La20b] concerning Conjecture 1.1 has an involved statement
giving a partial answer to Question 1.2 for (G, {e}) with a much larger subset of left-invariant
metrics on G as explained above. By writing m = dimG, the order of the dimension of this set
is m2, the same order as the dimension of the full space of left-invariant metrics on G (which
is exactly 1
2
m(m+ 1)), while the dimension of the subset discussed above is m.
It is possible to give the analogous result to [La20b, Thm. 1.4] in the homogeneous context.
However, the corresponding statement is again quite involved and it does not worth in the
understanding of Conjecture 1.1 in the author’s opinion.
At this point, it worth to mention another partial answer to Question 1.2 for (G, {e}). In
[La20a], when G is simple, the author proved the existence of C > 0 satisfying (1.3) for every
naturally reductive metric g on G. The class of naturally reductive metrics is considered a
natural extension of symmetric spaces.
Theorem 6.2 can also be applied to some compact homogeneous spaces G/K with non-
multiplicity-free isotropy representation. For instance, Theorem 6.2 answers Question 1.2 (pos-
itively) for the case (G,K) = (Sp(n + 1), Sp(n)), in which case G/K is diffeomorphic to the
(4n+ 3)-dimensional sphere S4n+3 and its isotropy representation decomposes as the standard
representation plus three times the trivial representation. As a consequence of the classification
of homogeneous metrics on simply connected compact symmetric spaces of real rank one given
by Ziller [Zi82], we obtain the following result.
Theorem 1.6. For every positive integer d, there is C = C(d) > 0 such that
λ1(X, g) ≤ C
diam(X, g)2
for every homogeneous metric g on X, where X is the underlying differentiable manifold of
any compact simply connected Riemannian symmetric space of real rank one (i.e. X = Sd,
X = P d/2(C) if d is even, X = P d/4(H) if d is divisible by 4, and X = P 2(O) if d = 16).
Organization. Section 2 recalls the (implicit) description of the spectrum of a compact ho-
mogeneous Riemannian manifold. It also includes some estimates for the diameter and first
Laplace eigenvalue of some G-invariant non-Riemannian structures on a homogeneous space.
Theorem 1.3 is proved in Section 3. Section 4 and 5 establish the estimates for the diame-
ter and the first Laplace eigenvalue respectively, in terms of the numbers x1, . . . , xq in (1.4).
The last section proves Theorem 6.2, which is the most general result of the article concerning
Question 1.2, and also Theorems 1.4 and 1.6 as consequences of it.
Acknowledgments. The author is grateful for helpful and motivating conversations with
Andreas Arvanitoyeorgos and Jorge Lauret.
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2. Preliminaries
In this section we fix a parameterization of G-invariant metrics on a homogeneous spaces
G/K. Then, we recall the well-known description of the spectrum of the Laplace–Beltrami
operator associated to such metric. We conclude with a study of the diameter and the first
eigenvalue of the Laplacian associated to two left-invariant non-Riemannian structures: sub-
Riemannian manifolds and singular Riemannian manifolds.
Remark 2.1. Throughout the article,
• we assume that G is a compact connected Lie group and K is a closed subgroup of G
such that G/K is connected;
• we denote by g and k the Lie algebras of G and K respectively;
• we write m = dim g and n = dimG/K = dim g− dim k, thus dim k = m− n;
• we fix an Ad(G)-invariant inner product 〈·, ·〉0 on g, which exists because ofG is compact;
• let p be the orthogonal complement of k in g with respect to 〈·, ·〉0.
2.1. Invariant metrics on a homogeneous space. Each X ∈ g defines a vector field on
G/K given by XaK =
d
dt
∣∣
t=0
exp(tX)aK for a ∈ G. The map X 7→ XeK identifies p with the
tangent space TeKG/K.
The subspace p of g is invariant by Ad(a) for all a ∈ K, thus it has the structure of a
K-module. The isotropy representation of G/K coincides with this representation, Ad : K →
GL(p).
For a ∈ G, we define τa : G/K → G/K given by τa(bK) = abK for b ∈ G. A Riemannian
metric g on G/K is called G-invariant if geK(·, ·) = gaK(dτa·, dτa·) for all a ∈ G; in other
words, τa is an isometry for all a ∈ G. In this case, it follows that (G/K, g) is a homogeneous
Riemannian manifold, that is, a Riemannian manifold whose isometry group acts transitively
on it. Every compact homogeneous Riemannian manifold is isometric to some (G/K, g) as
above. We denote by M(G,K) the space of G-invariant metrics on G/K.
It is well known that the space of G-invariant metrics on G/K are in correspondence with
the set of Ad(K)-invariant inner products on p. Given an Ad(K)-invariant inner product 〈·, ·〉
on p, we define the Riemannian metric on G/K by gaK(·, ·) = 〈dτa−1 ·, dτa−1 ·〉 for all a ∈ G via
the identification TeKG/K ≡ p. The metric is well defined since the inner products gaK and
gbK for aK = bK coincide because of 〈·, ·〉 is Ad(K)-invariant.
To parametrize M(G,K) we need to consider the decomposition of the isotropy representa-
tion as irreducible components. There are pairwise non-equivalent irreducible (real) represen-
tations W1, . . . ,Wr of K and q1, . . . , qr ∈ N such that
(2.1) p ≃ q1W1 ⊕ · · · ⊕ qrWr as K-modules,
where qjWj denotes qj-copies of Wj. As a consequence, there are subspaces c1, . . . , cr of p such
that
(2.2) p = c1 ⊕ · · · ⊕ cr and cj ≃ qjWj as K-modules.
This decomposition is unique up to order. The subspace cj of p is called the isotypical com-
ponent of type Wj . One can check that c1, . . . , cr are mutually orthogonal with respect to any
Ad(K)-invariant inner product on p.
Of course, 〈·, ·〉0|p×p is Ad(K)-invariant. Every Ad(K)-invariant inner product on p is of the
form
(2.3) 〈X, Y 〉Φ = 〈Φ(X), Y 〉0
for X, Y ∈ p, for some Φ in
(2.4) EndK(p) := {Φ ∈ End(p) : ΦAd(a) = Ad(a)Φ for all a ∈ K}
DIAMETER AND LAPLACE EIGENVALUE ESTIMATES 5
symmetric and positive definite with respect to 〈·, ·〉0. We denote by Sym+K(p) the set of such
elements. For Φ ∈ Sym+K(p), we denote by gΦ the induced G-invariant metric on G/K.
It is important to mention that
(2.5) EndK(p) =
r⊕
j=1
EndK(cj) ≃
r⊕
j=1
EndK(qjWj) ≃
r⊕
j=1
glqj(EndK(Wj))
with Fj := EndK(Wj) ≃ R,C,H according Wj is of real, complex, or quaternionic type. Con-
sequently, M(G,K) is in correspondence with
(2.6)
r⊕
j=1
{S ∈ glqj(Fj) : St = S},
where the conjugation is induced by the (restriction of the) standard conjugation on the Hamil-
tonian quaternions H.
Example 2.2. When K is trivial, one has that p = g. Elements in M(G,K) are called left-
invariant metrics on G. Its isotropy representation p = g decomposes as m-times the trivial
representation, which is of real type. Consequently, M(G,K) is in correspondence with the
space of m×m (real) positive definite symmetric matrices.
Example 2.3. We assume that the isotropy representation is multiplicity free, that is, qj = 1
for all j. If Φ ∈ Sym+K(p), since Φ(cj) = cj and cj is irreducible for all j, then Φ acts by a
positive scalar on cj. That is, there are positive real numbers σ1, . . . , σr such that
(2.7) Φ =
r⊕
j=1
σ−2j Idcj .
We now return to the general case. We set q = q1+· · ·+qr, which is the number of irreducible
components in the isotropy representation.
Notation 2.4. We fix Φ ∈ Sym+K(p). Since the eigenspaces of Φ are Ad(K)-invariants, there
are Ad(K)-invariant subspaces pΦ1 , . . . , p
Φ
q of p and positive real numbers σ1(Φ), . . . , σq(Φ) such
that Φ|pΦi = σi(Φ)−2 IdpΦi for 1 ≤ i ≤ q. Furthermore, for each 1 ≤ j ≤ r, pi ≃ Wj as K-
modules for exactly qj indexes i ∈ {1, . . . , q}. By reordering the terms if necessary, we will
always assume that σ1(Φ) ≥ · · · ≥ σq(Φ) > 0. We call to the decomposition
(2.8) p = pΦ1 ⊕ · · · ⊕ pΦq
a diagonal decomposition of Φ. This decomposition is unique if and only if σi1(Φ) > σi2(Φ) for
all 1 ≤ i1 < i2 ≤ q (equivalently, if the eigenspaces of Φ are irreducible as K-modules).
Remark 2.5. The subspaces pΦi are mutually orthogonal with respect to 〈·, ·〉Φ and 〈·, ·〉0.
Consequently, there exists a 〈·, ·〉0-orthonormal basis {Xi,k : 1 ≤ i ≤ q, 1 ≤ k ≤ dim pΦi } of p
such that SpanR{Xi,k : 1 ≤ k ≤ dim pΦi } = pΦi for all i and
(2.9) 〈Xi,k, Xi′,k′〉Φ =
{
σi(Φ)
−2 if i = i′, k = k′,
0 otherwise.
From now on, for Φ,Ψ ∈ Sym+K(p), we write Φ ≥ Ψ if Φ − Ψ is positive semi-definite with
respect to 〈·, ·〉0, that is, 〈Φ(X), X〉0 ≥ 〈Ψ(X), X〉0 for all X ∈ p. The next result follows
immediately from (2.3).
Lemma 2.6. Let Φ,Ψ ∈ Sym+K(p) such that Φ ≥ Ψ. Then gΦ ≥ gΨ.
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2.2. Spectra of invariant metrics on a homogeneous space. Let pi : G → GL(Vpi) be a
finite dimensional unitary representation of G. As an abuse of notation, we denote again by pi
to its differential, which is a representation of g, and the corresponding representation on the
universal enveloping algebra U(g).
Let 〈·, ·〉pi denote the inner product on Vpi. Since pi(a) : Vpi → Vpi is unitary for every a ∈ G,
pi(X) is skew-hermitian for every X ∈ g, i.e. 〈pi(X)v, w〉pi = −〈v, pi(X)w〉pi for all v, w ∈ Vpi.
Hence pi(−X2) = −pi(X)◦pi(X) is self-adjoint and positive semi-definite. It follows that pi(−CΦ)
is self-adjoint and positive semi-definite.
We denote by Ĝ the unitary dual of G, that is, the collection of equivalence classes of
irreducible unitary representations of G. For (pi, Vpi) ∈ Ĝ, one has the embedding
V Kpi ⊗ V ∗pi −→ C∞(G/K) ≡ C∞(G)K ,(2.10)
v ⊗ ϕ 7−→ (x 7→ fv⊗ϕ(x) := ϕ(pi(x)v)),
Here, C∞(G)K = {f ∈ C∞(G) : f(xa) = f(x) for all x ∈ G, a ∈ K} and V Kpi = {v ∈ Vpi :
pi(a)v = v for all a ∈ K}. Note that
(2.11) pi(X)v = 0 for all v ∈ V Kpi , X ∈ k.
It is a simple matter to check that V Kpi is invariant by pi(X) for every X ∈ p.
We fix Φ ∈ Sym+K(p). Given any basis {Y1, . . . , Yn} of p, we set S = (〈Yi, Yj〉Φ)i,j and
T = S−1 = (ti,j)i,j. Both are n × n positive definite symmetric matrices. One can check that
the element in the universal enveloping algebra U(g) of g given by
(2.12) CΦ :=
n∑
i,j=1
ti,j Yi Yj ∈ U(g)
does not depend on the basis chosen. In particular, if {Xi,k} is an orthonormal basis of p with
respect to 〈·, ·〉0 that respects a diagonal decomposition p = p1⊕· · ·⊕pq of Φ as in Remark 2.5,
then
(2.13) CΦ =
q∑
i=1
dim pi∑
k=1
σi(Φ)
2Xi,k(Φ)
2.
We denote by ∆Φ the Laplace–Beltrami operator associated to the Riemannian manifold
(G/K, gΦ). One has that (see for instance [MU80, Thm. 1 and (3.1)]; see also [BLP20, §2])
(2.14) ∆Φ · fv⊗ϕ = f(pi(−CΦ)v)⊗ϕ
for v ∈ V Kpi and ϕ ∈ V ∗pi . Note that pi(−CΦ)(V Kpi ) ⊂ V Kpi since V Kpi is invariant by pi(X) for all
X ∈ p.
Suppose that v ∈ V Kpi is an eigenvector of the finite-dimensional linear operator pi(−CΦ)|V Kpi :
V Kpi → V Kpi associated to the eigenvalue λ, i.e. pi(−CΦ)v = λv. Then,
(2.15) ∆Φ · fv⊗ϕ = f(pi(−CΦ)v)⊗ϕ = f(λv)⊗ϕ = λ fv⊗ϕ,
that is, fv⊗ϕ is an eigenfunction of ∆Φ with eigenvalue λ, for any ϕ ∈ V ∗pi .
The Hilbert space L2(G/K) ≡ L2(G)K := {f ∈ L2(G) : f(xa) = f(x) for all a ∈ K} has a
canonical structure of G-module, namely, the left-regular representation given by (a · f)(x) =
f(a−1x) for a, x ∈ G and f ∈ L2(G)K ≡ L2(G/K). This representation is unitary. The
Peter-Weyl Theorem (see e.g. [Ta, Thm. 1.3]) ensures that this representation decomposes as
(2.16) L2(G) ≃
⊕
pi∈Ĝ
V Kpi ⊗ V ∗pi ,
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where the embedding of V Kpi ⊗ V ∗pi in L2(G/K) is as in (2.10). The action of an element a ∈ G
on V Kpi ⊗ V ∗pi is given by a · (v ⊗ ϕ) = v ⊗ (pi∗(a)ϕ) since
(2.17) (a · fv⊗ϕ)(x) = fv⊗ϕ(a−1x) = ϕ(pi(a−1)pi(x)v) = (pi∗(a)ϕ)(pi(x)v) = fv⊗(pi∗(a)ϕ)(x).
We note that the Hilbert sum in (2.16) is restricted to the set spherical representations
associated to (G,K), namely,
(2.18) ĜK := {(pi, Vpi) ∈ Ĝ : V Kpi 6= 0}.
By the orthogonal relations (see for instance [Ta, Thm. 1.4]), it follows that
(2.19)
⋃
pi∈ĜK
{fvi⊗ϕj : 1 ≤ i ≤ dKpi , 1 ≤ j ≤ dpi}
is an orthonormal basis of L2(G/K), where for each pi ∈ ĜK ,
• dpi = dimVpi = dimV ∗pi ,
• dKpi = dimV Kpi ,
• {v1, . . . , vdKpi } is any orthonormal basis of V Kpi , and• {ϕ1, . . . , ϕdpi} is any orthonormal basis of V ∗pi .
For each pi ∈ ĜK non-trivial, we take an orthonormal eigenbasis {v1, . . . , vdKpi } of pi(−CΦ)|VKpi ,
i.e. pi(−CΦ)vi = λpi,Φi vi for some λpi,Φi > 0. We thus obtain that the basis of L2(G/K) in (2.19)
contains only eigenfunctions of ∆Φ. Hence,
(2.20) Spec(G/K, gΦ) := Spec(∆Φ) =
⋃
pi∈ĜK
{{
λpi,Ai , . . . , λ
pi,A
i︸ ︷︷ ︸
dpi-times
: 1 ≤ i ≤ dKpi
}}
.
(Here, the double curly brackets is to emphasize that the spectrum is a multiset and not a set.)
The multiplicity dpi for each λ
pi,Φ
i above comes from the following fact: fvi⊗ϕj is an eigenfunction
of ∆Φ with eigenvalue λ
pi,Φ
i for every 1 ≤ j ≤ dpi.
For T :W →W a linear transformation of a finite-dimensional complex vector space W , we
denote by λmin(T ) its smallest eigenvalue. The expression (2.20) yields
(2.21) λ1(G/K, gΦ) = min
{
λmin(pi(−CΦ)|VKpi ) : pi ∈ ĜK , pi 6≃ 1G
}
.
Remark 2.7. The case Φ = Idp is very particular since Casg := CIdp +Cask lies in the center of
U(g), where Cask =
∑dim k
i=1 X
2
i for any orthonormal basis {Xi} of k with respect to 〈·, ·〉0. (For
instance, when g is semisimple and 〈·, ·〉0 is minus the Killing form, then Casg is the Casimir
element of g.) Thus, for any pi ∈ ĜK , pi(−Casg) commutes with pi(a) for every a ∈ G, and
then Schur’s Lemma yields that pi(−Casg) acts by an scalar on Vpi. By denoting this scalar by
λpi, i.e. pi(−Casg) = λpi IdVpi , since pi(Cask)v = 0 for all v ∈ V Kpi by (2.11), we have that
(2.22) Spec(G/K, gIdp) = Spec(∆Idp) =
⋃
pi∈ĜK
{{
λpi, . . . , λpi︸ ︷︷ ︸
dKpi ×dpi-times
}}
.
2.3. Diameter of left-invariant non-Riemannian structures. A sub-Riemannian mani-
fold is a triple (M,D, g), where D is a subbundle of TM and g = (gp)p∈M denotes a family of
inner product on D which smoothly vary with the base point (see [Mo] for a general reference).
A smooth curve γ on (M,D, g) is called horizontal if γ′(t) ∈ Dγ(t) for all t. The length of a
horizontal curve γ : [a, b] → M is equal to lenght(M,D,g)(γ) :=
∫ b
a
gγ(t)(γ
′(t), γ′(t))1/2 dt. The
sub-distance between two points p, q ∈ M is defined as the infimum of lenght(M,D,g)(γ) over
all horizontal curves γ on M connecting p and q. The corresponding diameter, diam(M,D, g),
is given by the supremum of the distances between two points in M . Consequently, if M is
compact, the diameter is ∞ if two points in M cannot be joined by a horizontal smooth curve.
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The following lemma is clear.
Lemma 2.8. Let D be a subbundle on M . If g is a Riemannian metric on M , then the sub-
Riemannian metric h on (M,D) given by the restriction of g on D (i.e. hp = gp|Dp for all
p ∈M) satisfies
diam(M, g) ≤ diam(M,D, h).
We say that a subbundle D satisfies the bracket-generating condition (also known as the
Ho¨rmander condition) if the Lie algebra generated by vector fields in D spans at every point
the tangent space of M . For such a D, provided M is compact, the Chow–Rashevskii Theorem
ensures that diam(M,D, h) <∞, for any sub-metric h. In particular, any two points in M can
be joined by a horizontal curve.
In what follows we concentrate on G-invariant sub-Riemannian structures on G/K. The
analogous treatment when K = {e} can be found in [La20b, Subsec. 2.3]. Given H an Ad(K)-
invariant subspace of p and b(·, ·) an Ad(K)-invariant inner product on H, we associate the
G-invariant sub-Riemannian structure (D, g) given by
D =
⋃
a∈G
dLa(H), ga
(
dLa(X), dLa(Y )
)
= b(X, Y ),(2.23)
for all X, Y ∈ H and a ∈ G. Here, La : G/K → G/K is given by La(x) = axK and H is
seen as a subspace of TeKG/K ≡ p. We note that D and ga are well defined because H and
b(·, ·) are both Ad(K)-invariants. We will denote the corresponding sub-Riemannian manifold
by (G,H, g) and, as in the Riemannian case, g will be identified with the inner product geK = b
on H.
It is a simple matter to check that the map H 7→ k ⊕ H gives a correspondence between
Ad(K)-invariant subspaces of p and Ad(K)-invariant subspaces in g that contains k.
Definition 2.9. An Ad(K)-invariant subset S of p is called bracket generating if the smallest
Lie subalgebra of g containing k ∪ S is g.
Example 2.10. Suppose that G/K is isotropy irreducible, for instance, any irreducible sym-
metric space. Since {Ad(a)(X) : a ∈ K} = p for every non-zero vector X ∈ p, p is the only
non-trivial Ad(K)-invariant subspace of p. We conclude that every G-invariant sub-Riemannian
structures on G/K is Riemannian.
Example 2.11. Suppose that K = {e}. We have that a subset S of g is bracket generating
if and only if the subspace of g R-spanned by the elements X1, [X1, X2], [X1, [X2, X3]], and so
on, for Xi ∈ S, i = 1, 2, . . . , is precisely g.
The next theorem follows immediately from the Chow–Rashevskii Theorem. Since we will
encounter the situation of the theorem many times in the course of this paper, we state it here.
Theorem 2.12. If H is an Ad(K)-invariant bracket-generating subspace of p, diam(G,H, g) <
∞ for any Ad(K)-invariant inner product g on H.
For a general treatment of sub-Riemannian geometry we refer the reader to [ABB], [LeD],
and [Mo]. In the present article we will only use the few facts just reviewed.
We now introduce the second non-Riemannian structure. Given g = (gp)p∈M such that gp is
a positive semi-definite symmetric bilinear form on TpM at each point p ∈M varying smoothly,
(M, g) is called a singular Riemannian manifold. See [Ku] for the general theory on a more
general context: singular pseudo-Riemannian manifolds (i.e. gp is any symmetric bilinear form
on TpM).
The length of a smooth curve γ : [a, b]→M is equal to ∫ b
a
gγ(t)(γ
′(t), γ′(t))1/2 dt. The singular
distance between two points p, q ∈M is defined as the infimum of the lengths over all smooth
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curves γ on M connecting p and q. The corresponding diameter, diam(M, g), is given by the
supremum of the distances between two points in M .
Remark 2.13. The corresponding singular distance dist(M,g) of (M, g) is a pseudo-distance
in the sense of [BBI, Def. 1.1.4], that is, it satisfies all the properties of a distance except
the requirement that dist(M,g)(p, q) = 0 implies p = q. Moreover, the singular diameter of a
non-trivial singular Riemannian manifold might be zero (see [La20b, Ex. 2.21]). By identifying
points in M with zero distance in the pseudo-metric space (M, dist(M,g)), we obtain a metric
space that we denote by (M/ dist(M,g), ˆdist(M,g)) (see for instance [BBI, Prop. 1.1.5]).
Notation 2.14. Given b a (real) symmetric bilinear form on g and a a (real) subspace of g,
let us denote by b|a the symmetric bilinear form on a given by the restriction of b on a, that
is, b|a(X, Y ) = b(X, Y ) for all X, Y ∈ a. Furthermore, when b is non-degenerate, let b|∗a denote
the symmetric bilinear form on g given by b|∗a(X1 +X2, Y1 + Y2) = b(X1, Y1) for all X1, Y1 ∈ a
and X2, Y2 ∈ a⊥b := {X ∈ a : b(X, Y ) = 0 for all Y ∈ a}. Note that if b is positive definite,
then b|a is positive definite and b|∗a is positive semi-definite.
The next result is analogous to Lemma 2.8. The proof is again straightforward.
Lemma 2.15. Let D be a subbundle on M . If g is a Riemannian metric on M , the singular
Riemannian metric h given by hp = gp|∗Dp for all p ∈M satisfies
diam(M, g) ≥ diam(M,h).
We next focus on G-invariant singular Riemannian structures on a homogeneous space G/K.
Let b be an Ad(K)-invariant positive semi-definite symmetric bilinear form on g. We associate
to b the singular Riemannian metric g on G given by
ga
(
dLa(X), dLa(Y )
)
= b(X, Y ),(2.24)
for all X, Y ∈ TeKG/K ≡ p and a ∈ G. The well-definition of the singular metric g is ensured
because b(·, ·) is Ad(K)-invariant. Similarly as above, we will identify g with the symmetric
bilinear form ge = b on p.
Remark 2.16. Given b a non-trivial symmetric bilinear form on p, any complement a in g of
the radical of b,
rad(b) := {X ∈ g : b(X, Y ) = 0 for all Y ∈ p},
satisfies that b|a is non-degenerate.
Lemma 2.17. Let H be a closed subgroup of G containing K and let q denote the orthogonal
complement of h in g with respect to 〈·, ·〉0 (so k ⊂ h and p ⊃ q). Let h be an Ad(H)-invariant
positive semi-definite symmetric bilinear form on p with rad(h) = h∩p. Then, the metric space
(G/ dist(G/K,h), ˆdist(G/K,h)) is isometric (as metric spaces) to the metric space corresponding to
the homogeneous Riemannian manifold (G/H, h|q). In particular,
diam(G/K, h) = diam(G/H, h|q).
The proof is left to the reader. See [La20b, Lem. 2.2] for further details when K is trivial.
Proposition 2.18. Let h be an Ad(K)-invariant positive semi-definite symmetric bilinear form
on p. Assume there is a proper subalgebra h of g containing k⊕ rad(h) such that the associated
connected subgroup H of G is closed in G. Then diam(G/K, h) > 0.
Proof. Let q be the orthogonal complement subspace of h in g with respect to 〈·, ·〉0, thus q ⊂ p.
There is t > 0 sufficiently small such that h(X,X) ≥ t g0(X,X) for all X ∈ q. We have that
diam(G/K, h) ≥ diam(G/K, t g0|∗q) by monotonicity (see e.g. [La20b, 2.17]). Now, Lemma 2.17
yields diam(G/K, t g0|∗q) = diam(G/H, (t g0|∗q)|q) = diam(G/H, t g0|q), which is clearly positive,
and the proof is complete. 
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Remark 2.19. The hypothesis of the existence of the subalgebra h in Proposition 2.18 cannot
be replaced by assuming that rad(h) is not bracket generating, unless G is assumed semisimple.
See [La20b, Rem. 2.23] for an explicit counterexample.
2.4. Spectra of left-invariant non-Riemannian structures. An element X ∈ p induces a
vector field on G/K given as follows: for f ∈ C∞(G/K) and x ∈ G,
(2.25) (X · f)(xK) = d
dt
∣∣∣∣
0
f(x exp(tX)K).
Note that X commutes with the left-regular representation of G.
Let H be an Ad(K)-invariant subspace of p and h an Ad(K)-invariant inner product on
it. The sub-Laplace operator (or sub-Laplacian) associated to the sub-Riemannian manifold
(G/K,H, h) (introduced in (2.23)) is the (positive semi-definite self-adjoint) differential oper-
ator on C∞(G/K) given by
(2.26) ∆(H,h)(f) = −
l∑
j=1
Y 2j · f,
where {Y1, . . . , Yl} is any orthonormal basis of H with respect to the inner product h. We set
C(H,h) =
∑l
j=1 Y
2
j ∈ U(g). For pi ∈ Ĝ, v ∈ V Kpi , ϕ ∈ V ∗pi , and fv⊗ϕ ∈ C∞(G) given as in (2.10),
one has that
(2.27) ∆(H,h) · fv⊗ϕ = f(−pi(C(H,h))v)⊗ϕ.
By proceeding in the same way as for (2.21), one gets that the second (possible zero) smallest
eigenvalue of ∆(H,h) is given by
(2.28) λ1(G/K,H, h) = min
{
λmin(pi(−C(H,h))|VKpi ) : pi ∈ ĜK , pi 6≃ 1G
}
.
By Ho¨rmander’s theorem ([Ho67]), ∆(H,h) is hypoelliptic when H is bracket generating (i.e.
the Lie algebra generated by k∪H is g, according to Definition 2.9). In particular, ∆(H,h) has a
discrete spectrum since the inverse operator to 1+∆(H,h) is compact. We state this conclusion
for future use.
Theorem 2.20. If H is an Ad(K)-invariant bracket-generating subspace of p, λ1(G/K,H, g) <
∞ for any Ad(K)-invariant inner product g on H.
3. Comparison
In this short section we prove Theorem 1.3. We use the assumptions and notations introduced
in Remark 2.1.
Lemma 3.1. Let h be a G-invariant metric on G/K. Then, for any left-invariant metric g on
G satisfying that g|p = h and g(p, k) = 0, we have that diam(G/K, h) ≤ diam(G, g).
Proof. Lemma 2.15 gives diam(G, g) ≥ diam(G, g|∗p) (see Notation 2.14 for g|∗p). Since g|∗p = h|∗p,
Lemma 2.17 (for K = {e}) tells us that diam(G/K, h) = diam(G, h|∗p) = diam(G, g|∗p), and the
proof is complete. 
Lemma 3.2. Let h be a G-invariant metric on G/K. For t > 0, we set gt = h|p ⊕ t2g0|k
in M(G) := M(G, {e}) (i.e. gt(X, Y ) = h(Xp, Yp) + t2g0(Xk, Yk) for all X, Y ∈ g, where the
subindex p and k denotes the orhogonal projections to p and k respectively). Then
λ1(G/K, h) = lim
t→∞
λ1(G, gt).
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Proof. Write h = gΦ for some Φ ∈ Sym+K(p). It is clear that gt = gΨt with Ψt = Φ ⊕ t2 Idk ∈
Sym+(g). Thus
Ct := CΨt = t
2Ck + CΦ,
where Ck is the Casimir element of k with respect to 〈·, ·〉0, that is, Ck =
∑dim k
i=1 X
2
i for any
orthonormal basis {X1, . . . , Xdim k} of k with respect to 〈·, ·〉0.
Let (pi, Vpi) ∈ Ĝ. Let 〈·, ·〉pi denote the Hermitian inner product on Vpi such that pi is unitary.
We decompose Vpi = V
K
pi ⊕ (V Kpi )⊥ orthogonally with respect to 〈·, ·〉pi. It follows that the
subspaces V Kpi and (V
K
pi )
⊥ are invariants by pi(Ck) and pi(CΦ), and furthermore, pi(Ck)|V Kpi = 0.
From (2.21), we obtain that λ1(G, gt) is given by the minimum in{
λmin(pi(−CΦ)|VKpi ) : pi ∈ ĜK , pi 6≃ 1G
}
∪
{
λmin(pi(−Ct)|(V Kpi )⊥) : pi ∈ Ĝ, pi 6≃ 1G
}
.
It remains to show that the minimum is attained in the set at the left-hand side in the displayed
formula for t sufficiently large, since this number is precisely λ1(G/K, h) again by (2.21).
We fix (pi, Vpi) ∈ Ĝ. By restricting the action pi to K, Vpi decomposes as the sum of its isotyp-
ical components Vpi =
⊕s
i=0 Ui. More precisely, there are pairwise non-equivalent irreducible
representations τ0, . . . , τs of K such that Ui is the sum of all pi(K)-invariant subspaces equiv-
alent to τi. Note that V
K
pi is the isotypical component associated to the trivial representation
1K of K. Thus, we can assume that τ0 = 1K by letting U0 = 0 if pi /∈ ĜK .
One can check that U0, . . . , Us are pairwise orthogonal with respect to 〈·, ·〉pi, thus (V Kpi )⊥ =⊕s
i=1 Ui. Each Ui is invariant by pi(CΦ) and pi(Ck). Moreover, since Ck is a Casimir element,
pi(−Ck)|Ui = λτi IdUi for some positive scalar λτi for all 1 ≤ i ≤ s (see Remark 2.7). We deduce
that there is a basis of eigenvectors {vi,j : 1 ≤ i ≤ s, 1 ≤ j ≤ dimUi} of pi(−Ct)|(V Kpi )⊥ with
vi,j ∈ Ui for all j. Since pi(−Ck) acts by an scalar on Ui, vi,j is also an eigenvector of pi(−CΦ),
say pi(−CΦ)vi,j = νi,jvi,j. Hence,
pi(−Ct)vi,j = t2pi(−Ck)vi,j + pi(−CΦ)vi,j = (t2λτi + νi,j)vi,j.
Since λτi > 0 and νi,j ≥ 0, the eigenvalue t2λτi + νi,j can be as large as we need by taking t
sufficiently large. Moreover, since inf{λτ : τ ∈ K̂, τ 6≃ 1K} = λ1(K, g˜0) > 0, where g˜0 denotes
the bi-invariant metric on K induced by 〈·, ·〉0|k×k, we conclude that
min
{
λmin(pi(−Ct)|(V Kpi )⊥) : pi ∈ Ĝ, pi 6≃ 1G
}
can be as large as we need, as requested. 
We are now in position to show that a positive answer of Question 1.2 for (G, {e}) responds
the same question for (G,K) for every closed subgroup K of G. In particular, if Conjecture 1.1
holds, then it extension to homogeneous manifolds also holds.
Proof of Theorem 1.3. By assumption, there is C > 0 such that λ1(G, g) diam(G, g)
2 ≤ C for
all g ∈ M(G). We fix h ∈ M(G,K). For t > 0, let gt be the left-invariant metric on G as in
the statement of Lemma 3.2. From Lemmas 3.1 and 3.2, it follows that
(3.1) λ1(G/K, h) diam(G/K, h)
2 ≤ lim sup
t→∞
λ1(G, gt) diam(G, gt)
2 ≤ C,
and the proof is complete. 
Remark 3.3. Although (G, gt) converges in the Gromov-Hausdorff distance sense to the sub-
Riemannian manifold (G, p, h) as t→∞, we have that limt→∞ λ1(G, gt) 6= λ1(G, p, h). In fact,
the sub-Laplacian ∆(p,h) acts on L
2(G) by ∆(p,h) · fv⊗ϕ = f(pi(−CΦ)v)⊗ϕ, in the notation of the
proof of Lemma 3.2. Consequently,
Spec(∆(p,h)) = Spec(G/K, h) ∪
⋃
pi∈Ĝ
{{
νi,j, . . . , νi,j︸ ︷︷ ︸
dpi-times
: 1 ≤ i ≤ s, 1 ≤ j ≤ dimUi
}}
.
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4. Diameter estimates
We will use the assumptions and notations introduced in Remark 2.1 and Subsection 2.1. In
this section we estimate the diameter of the homogeneous Riemannian manifold (G/K, gΦ) in
terms of the eigenvalues of Φ, for any Φ ∈ Sym+K(p).
4.1. Simple estimates for the diameter. To motivate the diameter estimates of this section,
we begin by discussing the simple estimates
(4.1)
diam(G/K, gIdp)
σ1(Φ)
≤ diam(G, gΦ) ≤
diam(G/K, gIdp)
σq(Φ)
for Φ ∈ Sym+K(p). We recall that, according to Notation 2.4, σ1(Φ)−2 (resp. σq(Φ)−2) denotes
the smallest (resp. largest) eigenvalue of Φ. This estimate will follow from the next result.
Lemma 4.1. Let Φ,Ψ be in Sym+K(p) satisfying that Φ ≥ Ψ. Then
diam(G/K, gΦ) ≥ diam(G/K, gΨ).
Proof. By Lemma 2.6, Φ ≥ Ψ forces to gΦ(X,X) ≥ gΨ(X,X) for all X ∈ p. The proof follows
by monotonicity (see e.g. [La20b, Lem. 2.10]). 
We now prove (4.1). Let p = p1 ⊕ · · · ⊕ pq be any diagonal decomposition of Φ (see Nota-
tion 2.4). Then
(4.2) Φ =
⊕
i
σi(Φ)
−2 Idpi ≤
⊕
i
σq(Φ)
−2 Idpi = σq(Φ)
−2 Idp,
since σq(Φ)
−2 ≥ σi(Φ)−2 for all i. Lemma 4.1 gives diam(G/K, gΦ) ≤ diam(G/K, gσm(Φ)−2 Idp),
and consequently the inequality at the right-hand side of (4.1) follows since
(4.3) diam(G, gtΨ) = diam(G, t
−1gΨ) =
√
t diam(G, gΨ) for all t > 0, Ψ ∈ Sym+K(p).
The other estimate follows analogously by using Φ ≥ σ1(Φ)−2 Idp.
Notation 4.2. For Φ ∈ Sym+K(p), a diagonal decomposition p = p1 ⊕ · · · ⊕ pq of Φ, and any
index 1 ≤ k ≤ q, we set
(4.4) HΦ,{pi},k =
k⊕
i=1
pi and CΦ,{pi},k =
q⊕
i=k
pi.
(We recall from Notation 2.4 that the numbers σ1(Φ), . . . , σq(Φ) are determined by Φ =⊕
i σi(Φ)
−2 Idpi and σ1(Φ) ≥ · · · ≥ σq(Φ).) We will abbreviate them by Hk and Ck when
Φ and {pi} are clear in the context.
The next result will use the sub-Riemannian manifolds (G/K,Hk, g0|Hk) and the singular
Riemannian manifolds (G/K, g0|∗Ck) introduced in Subsection 2.3.
Proposition 4.3. Let Φ ∈ Sym+K(p) and let p = p1 ⊕ · · · ⊕ pq be a diagonal decomposition of
Φ (see Notation 2.4). For any index 1 ≤ k ≤ q, we have that
(4.5)
diam(G/K, g0|∗Ck)
σk(Φ)
≤ diam(G/K, gΦ) ≤ diam(G/K,Hk, g0|Hk)
σk(Φ)
.
Proof. We abbreviate σi = σi(Φ) for all i. We set
Ψ1 =
(⊕
i<k
σ2
k
σ2i
Idpi,j
)⊕
IdCk .
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Similarly as in (4.2), one can easily see that Φ ≥ σ−2k Ψ1. Lemma 4.1 and (4.3) imply that
diag(G/K, gΦ) ≥ diag(G/K, gσ−2
k
Ψ1
) = σ−1k diag(G/K, gΨ1). Hence, the inequality at the left-
hand side in (4.5) follows since diag(G/K, gΨ1) ≥ diam(G/K, g0|∗Ck) by Lemma 2.15.
We now establish the inequality at the right in (4.5). Similarly as above, by setting
Ψ2 =
(⊕
i>k
σ2i
σ2
k
Idpi,j
)⊕
IdHk ,
one has Φ ≤ σ−2k Ψ2, thus diam(G/K, gΦ) ≤ σ−1k diam(G/K, gΨ2). The assertion follows since
diam(G, gΨ2) ≤ diam(G,Hk, g0|Hk) by Lemma 2.8. 
Remark 4.4. Some words of caution about (4.5) are necessary at this point. Unlike in (4.1),
the coefficients in the extremes depend on Φ (more precisely on {pi}). Moreover, the in-
equality at the left-hand (resp. right-hand) side is useless when diam(G/K, g0|∗Ck) = 0 (resp.
diam(G/K,Hk, g0|Hk) =∞).
5. Eigenvalue estimates
We continue using the assumptions and notations introduced in Remark 2.1 and Subsec-
tion 2.1. In this section we estimate the smallest positive eigenvalue of the Laplace–Beltrami
operator associated to (G, gΦ) for Φ ∈ Sym+K(p), in terms of the eigenvalues of Φ. We will
proceed analogously to the previous section.
5.1. Simple estimates for the first eigenvalue. We have seen in (4.2) that σ1(Φ)
2 Idp ≤
Φ ≤ σq(Φ)2 Idp for all Φ ∈ Sym+K(p). Recall from Notation 2.4 that σ1(Φ)−2 and σq(Φ)−2 stand
for the smallest and largest eigenvalues of Φ respectively. The estimates
(5.1) λ1(G, gIdp) σq(Φ)
2 ≤ λ1(G, gΦ) ≤ λ1(G, gIdp) σ1(Φ)2
follow immediately form the next result.
Lemma 5.1. Let Φ,Ψ be in Sym+K(p) satisfying that Φ ≥ Ψ. Then pi(−CΦ)|V Kpi ≤ pi(−CΨ)|VKpi
for every finite dimensional unitary representation pi of G. Moreover,
λ1(G, gΦ) ≤ λ1(G, gΨ).
Proof. Let {Y1, . . . , Yn} be any basis of p. We set S = (〈Yi, Yj〉Φ)i,j, S ′ = (〈Yi, Yj〉Ψ)i,j, T =
S−1 = (ti,j)i,j, and T
′ = (S ′)−1 = (t′i,j)i,j, which are all n × n positive definite symmetric
matrices satisfying S ≥ S ′ and T ≤ T ′ since Φ ≥ Ψ. Write T˜ = T ′− T = (t˜i,j)i,j. According to
(2.12), we have that
(5.2) CΨ =
∑
i,j
t′i,j Yi Yj =
∑
i,j
(ti,j + t˜i,j) Yi Yj = CΦ + C˜,
where C˜ =
∑
i,j t˜i,j Yi Yj. Since T˜ is a positive semi-definite symmetric matrix, there are
P = (pi,j)i,j ∈ O(n) and d1, . . . , dn ∈ R such that T˜ = PD2P t, where D = diag(d1, . . . , dn).
Let {Z1, . . . , Zn} be the basis of p determined by Yi =
∑
j pi,jZj for all i. Hence
C˜ =
∑
i,j
t˜i,j(
∑
k
pi,kZk)(
∑
l
pj,lZl) =
∑
k,l
(
∑
i,j
pi,kt˜i,jpi,l) Zk Zl
=
∑
k,l
(P tT˜ P )k,l Zk Zl =
∑
k
d2k Z
2
k .
Let (pi, Vpi) be any finite dimensional unitary representation of G. By (5.2), we have that
(5.3) pi(−CΨ)|V Kpi = pi(−CΦ)|V Kpi + pi(−C˜)|VKpi ≥ pi(−CΦ)|V Kpi
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since pi(−C˜)|VKpi =
∑
k d
2
kpi(−X2k)|VKpi ≥ 0 because pi(−X2) ≥ 0 for any X ∈ g.
We now show the second assertion. For pi ∈ Ĝ, since pi(−CΦ)|V Kpi ≤ pi(−CΨ)|VKpi , we have that
λmin(pi(−CΦ)|V Kpi ) ≤ λmin(pi(−CΨ)|V Kpi ). Hence, (2.21) immediately implies that λ1(G/K, gΦ) ≤
λ1(G/K, gΨ). 
Notation 5.2. Let Φ ∈ Sym+K(p). For q any Ad(K)-invariant subspace of p we set
(5.4) C∞q (G/K) = {f ∈ C∞(G/K) : X · f = 0 for all X ∈ q}.
By (2.16), the closure of C∞q (G/K) in the Hilbert space L
2(G/K) is given by
(5.5) closure(C∞q (G/K)) =
⊕
pi∈Ĝ
(V Kpi )
q ⊗ V ∗pi ,
where (V Kpi )
q = {v ∈ V Kpi : pi(X) · v = 0 for all X ∈ q}. In particular, by Remark 2.7,
the Laplace–Beltrami operator ∆Idp of (G/K, gIdp) preserves C
∞
q (G/K). Whenever C
∞
q (G/K)
has dimension strictly greater than one, we denote by λ1(∆Idp |C∞q (G/K)) the smallest posi-
tive eigenvalue of ∆Idp|C∞q (G/K). Otherwise, when C∞q (G/K) contains only constant func-
tions on G/K (e.g. if q is bracket generating because dim(V Kpi )
q = 0 for all pi ∈ ĜK), we
set λ1(∆Idp|C∞q (G/K)) =∞ by convention.
Remark 5.3. From (5.5), we know that fv⊗ϕ is an eigenfunction of ∆Idp |C∞q (G/K) for every
ϕ ∈ V ∗pi and every non-zero eigenvector v ∈ (V Kpi )q of pi(−CIdp). Consequently,
(5.6) Spec(∆Idp|C∞q (G/K)) =
⋃
pi∈ĜK
{{
λpi, . . . , λpi︸ ︷︷ ︸
(dpi dim(V Kpi )
q)-times
}}
.
Recall from Remark 2.7 that λpi is determined by pi(−CIdp)|VKpi = λpi IdV Kpi , for any pi ∈ ĜK .
Suppose there is a closed subgroup H of G with Lie algebra h satisfying that k⊕ q ⊂ h 6= g.
Clearly, V Hpi ⊂ (V Kpi )q for all pi ∈ Ĝ. Thus C∞(G/H) ⊂ C∞q (G/K) and consequently
(5.7) λ1(∆Idp|C∞q (G/K)) ≤ λ1(G/H, gIdh⊥ ) <∞,
where h⊥ denotes the orthogonal complement of h in g with respect to 〈·, ·〉0.
We recall from Notation 4.2 that, once Φ ∈ Sym+K(p) and a diagonal decomposition p =
p1 ⊕ · · · ⊕ pq of Φ (see Notation 2.4) are fixed, we have
(5.8) Hk =
⊕
i≤k
pi and Ck =
⊕
i≥k
pi, and we set Fk := C⊥k =
⊕
i<k
pi,
where the numbers σ1(Φ) ≥ · · · ≥ σq(Φ) satisfy Φ =
⊕
i
1
σi(Φ)2
Idpi.
Proposition 5.4. Let Φ ∈ Sym+K(p) and let p = p1 ⊕ · · · ⊕ pq be a diagonal decomposition of
Φ (see Notation 2.4). For any index 1 ≤ k ≤ q, we have that
(5.9) λ1(G/K,Hk, g0|Hk) σk(Φ)2 ≤ λ1(G/K, gΦ) ≤ λ1(∆Idp |C∞Fk (G/K)) σk(Φ)
2.
Proof. We abbreviate σi = σi(Φ) for all i. We set
Ψ1 =
(⊕
i<k
σ2
k
σ2i
Idpi
)⊕
IdCk , Ψ2 =
(⊕
i>k
σ2i
σ2
k
Idpi
)⊕
IdHk ,
It follows immediately that σ−2k Ψ1 ≤ Φ ≤ σ−2k Ψ2. By Lemma 5.1, we obtain that
σ2k λ1(G/K, gΨ2) = λ1(G/K, gσ−2
k
Ψ2
) ≤ λ1(G/K, gΦ) ≤ λ1(G/K, gσ−2
k
Ψ1
) = σ2k λ1(G/K, gΨ1).
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It remains to show that
λ1(G/K,Hk, g0|Hk) ≤ λ1(G/K, gΨ2) and λ1(G/K, gΨ1) ≤ λ1(∆Idp |C∞Fk (G/K)).(5.10)
Let {Xi,l} be an orthonormal basis of p with respect to 〈·, ·〉0 that respects the diagonal
decomposition of Φ fixed (see Remark 2.5), that is, pi = SpanR{Xi,l : 1 ≤ l ≤ dim pi} for all i.
From (2.13), we have that
CΨ2 =
∑
i≤k
dim pi∑
l=1
X2i,l +
∑
i>k
σ2i
σ2
k
dim pi∑
l=1
X2i,l.
Let (pi, Vpi) ∈ ĜK . Since pi(−X2) ≥ 0 for every X ∈ g, we conclude that
pi(−C(Hk,g0|Hk ))|V Kpi =
∑
i≤k
dim pi∑
l=1
pi(−X2i,l)|VKpi ≤ pi(−CΨ2)|VKpi .
Consequently, λmin(pi(−C(Hk ,g0|Hk))|VKpi ) ≤ λmin(pi(−CΨ2)|V Kpi ), thus the first inequality in (5.10)
follows by (2.21) and (2.28).
We now establish the inequality at the right-hand side in (5.10). We assume that the dimen-
sion of C∞Fk(G/K) is greater than one, otherwise the assertion is trivial. From (5.6), it suffices
to show that λ1(G, gΨ1) ≤ λpi for all pi ∈ Ĝ satisfying that dim(V Kpi )Fk > 0.
Let pi0 ∈ Ĝ satisfying (V Kpi )Fk 6= 0 and let v0 ∈ (V Kpi )Fk with 〈v0, v0〉pi0 = 1, where 〈·, ·〉pi0
denotes the Hermitian inner product on Vpi. From (2.13), we have that
CΨ1 =
∑
i≥k
dim pi∑
l=1
X2i,l +
∑
i<k
σ2
k
σ2i
dim pi∑
l=1
X2i,l.
Note that pi0(Xi,l)v0 = 0 for all i, l satisfying i < k. Hence
λ1(G/K, gΨ1) ≤ λmin(pi0(−CΨ1)|VKpi0 ) = minv∈V Kpi0 : 〈v,v〉pi0=1
〈pi0(−CΨ1)v, v〉pi0
≤ 〈pi0(−CΨ1)v0, v0〉pi0 =
∑
i≥k
dim pi∑
l=1
〈pi0(−X2i,k)v0, v0〉pi0
=
∑
i
dim pi∑
l=1
〈pi0(−X2i,k)v0, v0〉pi0 = 〈pi0(−CIdp)v0, v0〉pi0 = λpi0,
and the proof is complete. 
6. Proof of the main results
In this section we combine the diameter estimates from Section 4 and the eigenvalue estimates
from Section 5 to prove Theorems 1.4 and 1.6. We continue using the assumptions and notations
introduced in Remark 2.1 and Subsection 2.1. In particular, G is a compact Lie group, K is
a closed subgroup of G and, at the Lie algebra level, we have the orthogonal decomposition
g = k ⊕ p with respect to a fixed Ad(G)-invariant inner product 〈·, ·〉0. Furthermore, the
space M(G,K) of G-invariant metrics on G/K is in correspondence with the set Sym+K(p) of
Ad(K)-invariant positive definite symmetric endomorphisms on p.
From the simple estimates (4.1) and (5.1), we obtain
(6.1)
σq(Φ)
2
σ1(Φ)2
c0 ≤ λ1(G/K, gΦ) diam(G/K, gΦ)2 ≤ σ1(Φ)
2
σq(Φ)2
c0
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for every Φ ∈ Sym+K(p), where c0 = λ1(G/K, gIdp) diam(G/K, gIdp)2. In general, these es-
timates are not useful since σ1(Φ)/σq(Φ) is not bounded by any positive real number for
Φ ∈ Sym+K(p). The exception only occurs when G/K is isotropy irreducible (i.e. the case
r = 1 and q1 = 1 in (2.1)), since we have q = 1 thus σ1(Φ) = σq(Φ). However, in this
case, there is a unique G-invariant metric on G/K up to positive scaling, thus the functional
g 7→ λ1(G/K, g) diam(G/K, g)2 is indeed constant for g ∈M(G,K).
Proposition 6.1. Let G be a compact connected Lie group and let K be a closed subgroup of
G such that G/K is connected. We fix a decomposition p = p1 ⊕ · · · ⊕ pq in Ad(K)-invariant
subspaces. Let k be the smallest index satisfying that
⊕k
i=1 pi is bracket generating. We set
H =
k⊕
i=1
pi, F =
k−1⊕
i=1
pi, C =
q⊕
i=k
pi.
We assume that there is a proper subalgebra h a g containing k and F such that the associated
connected subgroup H of G is closed in G. Then,
(6.2)
λ1(G/K, gΦ) diam(G/K, gΦ)
2 ≥ λ1(G/K,H, g0|H) diam(G/K, g0|∗C)2 > 0,
λ1(G/K, gΦ) diam(G/K, gΦ)
2 ≤ λ1(∆Idp|C∞F (G/K)) diam(G/K,H, g0|H)2 <∞.
for all Φ ∈ Sym+K(p) satisfying that Φ|pi = σi(Φ)−2 Idpi for all i, with σ1(Φ) ≥ · · · ≥ σq(Φ).
Proof. Note that if Φ ∈ Sym+K(p) satisfies that Φ|pi = σi(Φ)−2 Idpi for all i and σ1(Φ) ≥ · · · ≥
σq(Φ), then p = p1⊕· · ·⊕pq is a diagonal decomposition of Φ according to Notation 2.4. Thus,
the two inequalities at the left in each row in (6.2) follow immediately from Propositions 4.3
and 5.4. It remains to show that the bounds are positive real numbers.
Since H is bracket generating, Theorems 2.12 and 2.20 give diam(G/K,H, g0|H) < ∞ and
λ1(G/K,H, g0|H) > 0 respectively. By using the assumption of the existence of the subalgebra
h, we obtain that diam(G/K, g0|∗C) > 0 by Proposition 2.18 and
λ1(∆Idp|C∞F (G/K)) ≤ λ1(G/H, gIdh⊥ ) <∞
by (5.7), and the proof is complete. 
Theorem 6.2. Let G be a semisimple compact connected Lie group and let K be a closed
subgroup of G such that G/K is connected. We fix a decomposition p = p1 ⊕ · · · ⊕ pq in
Ad(K)-invariant subspaces. Then, there exist C > 0 such that
(6.3) λ1(G/K, gΦ) diam(G/K, gΦ)
2 ≤ C
for all Φ ∈ Sym+K(p) preserving p =
⊕r
i=1 pi, that is, Φ(pi) ⊂ pi for all i.
Proof. For ξ in Sq, the set of permutations of {1, . . . , q}, we set pξ,i = pξ(i) for all i and let Sξ
denote the set of Φ ∈ Sym+K(p) satisfying that Φ =
⊕
i σ
−2
i Idpξ,i with σ1 ≥ · · · ≥ σq.
Fix ξ ∈ Sq. We next check the assumptions of Proposition 6.1 applied to the decomposition
p = pξ,1 ⊕ · · · ⊕ pξ,q. Let k be the smallest index satisfying that H :=
⊕k
i=1 pξ,i is bracket
generating. Set F = ⊕k−1i=1 pξ,i. Let h0 be the subalgebra of g generated by k ∪ F , which is
proper since F is not bracket generating. Let H0 be the connected subgroup of G with Lie
algebra h0. Since a compact semisimple Lie group g does not admit any dense proper subgroup
(see [Ma93]), we have that H¯0 6= G. We conclude that the Lie algebra h of H¯0 satisfies the
required assumption in Proposition 6.1.
Now, Proposition 6.1 implies that there is Cξ > 0 such that λ1(G/K, gΦ) diam(G/K, gΦ)
2 ≤
Cξ for all Φ ∈ Sξ. Hence, C := maxξ∈Sq Cξ satisfies (6.3) since the set of Φ ∈ Sym+K(p)
preserving the decomposition p =
⊕r
i=1 pξ,i coincides with ∪ξ∈SqSξ. 
We are now in position to prove the main theorems.
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Proof of Theorem 1.4. Since the isotropy representation is multiplicity free, we have that the
decomposition p = p1 ⊕ · · · ⊕ pr in isotypical components is the unique (up to order ) decom-
positon of p in irreducible K-submodules, and furthermore, every Φ ∈ Sym+K(p) preserves it
(see Remark 2.3). The assertion thus follows immediately from Theorem 6.2. 
Remark 6.3. The semisimplicity assumption on G in Theorem 6.2 cannot be omitted, but it
can be replaced by (involved) weaker hypotheses such as in the statement of Proposition 6.1.
It is not clear to the author whether the semisimplicity assumption on G in Theorem 1.4 can
be omitted.
Proof of Theorem 1.6. According to [Zi82], any homogeneous metric on a CROSS (compact
rank one symmetric space) X is isometric to some G-invariant metric on G/K for some (G,K)
in the following table:
row G K G/K cond. isotropy rep.
1 SO(2n+ 1) SO(2n) S2n n ≥ 1 W1
2 SU(2) {e} S3 3W0
3 SU(2n+ 1) SU(2n) S4n+1 n ≥ 2 W0 ⊕W1
4 Sp(n+ 1) Sp(n) S4n+3 n ≥ 1 3W0 ⊕W1
5 Spin(9) Spin(7) S15 W1 ⊕W2
6 SU(2n+ 1) S(U(2n)×U(1)) P 2n(C) n ≥ 1 W1
7 Sp(n+ 1) Sp(n)× U(1) P 2n+1(C) n ≥ 1 W1 ⊕W2
8 Sp(n+ 1) Sp(n)× Sp(1) P n(H) n ≥ 1 W1
9 F4 Spin(9) P
2(O) W1.
In each row of the table, W0 denotes the trivial representation of K and W1,W2 are some
non-trivial and non-equivalent irreducible real representations of K.
Since there are only finitely many realizations X = G/K for each dimension d, it is sufficient
to show the assertion for each individual family. The cases in rows 1, 3, and 5–9 follow from
Theorem 1.4 since their isotropy representations are multiplicity free. The case in the second
row was shown in [EGS18]. It only remains the case in the fourth row.
We set
G = Sp(n+ 1) = {A ∈ GL(n+ 1,H) : A∗A = I},
K =
{(
A
1
)
∈ G : A ∈ Sp(n)
}
≃ Sp(n),
p1 =
{(
v
−v∗
)
∈ g : v ∈ Hn
}
,
X1 = diag(0, . . . , 0, i), X2 = diag(0, . . . , 0, j), and X3 = diag(0, . . . , 0, k). One has that the
isotropy representation decomposes as p = p0⊕p1, where the action on p0 := SpanR{X1, X2, X3}
is trivial and the action on p1 is equivalent to the standard representation.
Ziller [Zi82] showed that every G-invariant metric on G/K is isometric to gΦ with Φ ∈
Sym+K(p) preserving the decomposition p = a1 ⊕ a2 ⊕ a3 ⊕ p1, where ai = SpanR{Xi}, that
is, Φ(p1) = p1 and Φ(ai) = ai for all i. The proof follows by applying Theorem 6.2 to this
particular decomposition. 
Remark 6.4. Concerning G/K = Sp(n + 1)/ Sp(n) ≃ S4n+3 (n ≥ 1) as at the end of the
previous proof, it has been recently determined in [BLP20] an explicit expression for λ1(S
4n+3, g)
for every G-invariant metric g on S4n+3. This might help to obtain explicit constants C1, C2 > 0
such that C1 ≤ λ1(S4n+3, g) diam(S4n+3, g)2 ≤ C2 for all g ∈ M(G,K), analogous as those
obtained in [La19] for S3.
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